Recently the interest in realizing topological phases by artificial systems has been actively broadened into 4D topological phases. Here we present a faithful realization of 4D topological insulator with time-reversal symmetry in class AI, using electric circuits with periodic connectivity in four dimensions. The experimental realizability is strongly supported by a software simulation of the electric circuit, where the double Weyl boundary states as the characteristic of the topological phase are in precise agreement with the theoretical prediction. Compared with existing schemes for realizing high-dimensional topological phases by low-dimensional systems with some synthetic dimensions, all of four dimensions are faithfully emulated on an equal footing, making the Weyl states on boundaries along all directions experimentally accessible. Moreover, the time-reversal symmetry permitting the topological phase is intrinsic for the electric circuit described by the Kirchhoff equations, rather than various simulation schemes for 2D and 3D topological insulators in class AII with finite-tunings for time-reversal symmetry.
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I. INTRODUCTION
Topological insulators and superconductors, and later on topological (semi)metals and nodal superconductors, have been one of most fruitful fields in condensed matter physics during the last decade [1] [2] [3] [4] [5] [6] , and in the recent years it is still rapidly growing and even has been broadening its influence fundamentally into other fields, such as cold atoms [7] [8] [9] [10] [11] [12] , and those seemingly quite afar from condensed matter physics, including photonics [13] [14] [15] [16] , phononics [17] [18] [19] , mechanical systems [20] , and even very recently electric circuit system [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The underlying reason for such far-ranging applications of a condensed matter theory lies in its core, which is now formalized as topological band theory charactering topological properties of all band theories. One of major triumphs in the development of topological band theory is the ten-fold classification of topological insulators and superconductors [4, [33] [34] [35] , which was then followed by various topological classifications for both gapped and gapless band theories with various symmetries [36] [37] [38] . The topological classification provides a unification of all gapped topological phases protected by time-reversal and/or particle-hole symmetries, which includes the wellknown time-reversal (T )-invariant 2D and 3D topological insulators in class AII, and T -broken Chern insulators in class A. T -invariant 2D and 3D TIs are arguably the most celebrated ones in the family of topological electronic materials. The main reason is that it exploits an intrinsic symmetry of all electron systems with no magnetic order, namely T -symmetry with T 2 = −1 for spin- When applying the ten-fold topological classification table to artificial systems like photonic and phononic crystals, and electric-circuit arrays, one may expect to find prominent topological phases in class AI in the spirit of electronic materials, since all such artificial system has their intrinsic T -symmetry satisfying T 2 = 1. However, unfortunately all physical dimensions host no topological phases according to the classification table [35] . Thus, most such kind of works virtually relegate their purpose as to artificially simulate topological models of electrons in class A or AII by utilizing the high tunability of these systems. While such researches are fascinating in some sense, these fine-tuned topological phases are not at all physically stable because of the delicately tuned symmetry condition, although they are supposed to be so as topological phases. To exploit the intrinsic protection from the natural T -symmetry with T 2 = 1, one has to go up at least to 4 dimensions. On the other hand, recently 4D topological phases have been simulated by using some synthetic dimensions in addition to physical dimensions [39] [40] [41] [42] [43] [44] , which nevertheless should be distinguished from a real 4D topological systems in real space.
In this article, we present a faithful emulation of 4D topological phases in class AI by electric circuits with periodic connectivity in four dimensions, which is precisely confirmed by software simulations for the experimental realizability. Similar to the BdG Hamiltonian has particle-hole symmetry by construction, the analogue of Hamiltonian in the Kirchoff equations for the electric circuit have the built-in time-reversal symmetry T =K for class AI, since all variables are real numbers in the ideal case. Furthermore, all four dimensions are genuinely simulated by lattice connectivity, rather than using internal parameters or periodic pumping like aforementioned simulations. Particularly, given a 4D lattice of electric circuit, we can always project it into a 2D plane, leading to a 2D electric circuit, which is equivalent to the 4D electric circuit provided all devices are correspondingly connected by ideal wires.
Beside it is the first time that a topological phase in arXiv:1906.00883v1 [cond-mat.mes-hall] 3 Jun 2019 class AI is realized, the 4D topological insulator is interesting in its own right. Historically, realizing Weyl fermions with a given chirality on domain walls, such as 3D boundary, was first considered in lattice gauge theory of high energy physics [45, 46] , and then in condensed matter, where 4D Chern insulators in class AII were discovered as ancestor topological phase for 3D and 2D topological insulators [47, 48] . However, by very deep topological reasons, the 4D topological insulator in class AI exhibits a distinguished topological property [35] , namely, that the second Chern number is always an even integer, which leads to no descendant 2D and 3D topological insulators, but to even flavors of chiral Weyl fermions with single chirality on the 3D boundary.
II. THE 4D MODEL HAMILTONIAN
We start with the construction of a Dirac model of 4D topological insulator in class AI, and the corresponding topological invariant, the second Chern number. A lattice version of the 4D Dirac model is in general given as
Here f a (k) are real functions of the quasi-momentum k = (k 1 , k 2 , k 3 , k 4 ) in the 4D Brillouin zone, γ 0 = 1 4 and γ i with i = 1, 2, · · · , 5 are five 4 × 4 gammma matrices, whose representation is chosen as γ 1,2,3 = σ 1,2,3 ⊗τ 1 , γ 4 = σ 0 ⊗ τ 2 , γ 5 = σ 0 ⊗ τ 3 with σ α and τ α two sets of the Pauli matrices, satisfying the Clifford algebra {γ i , γ j } = 2δ ij . Time-reversal symmetry T =K requires that H * (k) = H(−k), which implies f 0,1,3,5 (f 2,4 ) are even (odd) functions under k → −k. We want to find appropriate functions f a (k), such that on one hand it gives rise to the most basic 4D topological phases in class AI, namely, with the second Chern number being equal to ±2, and on the other hand they should be as simple as possible for the feasibility of electric-circuit realization. The functions we adopt are given as f 0 (k) = −t cos(k 2 +k 3 ), and
, and f 5 (k) = m−t cos(k 2 +k 3 ), similar to a previous model introduced in a general context [49] . Since the term f 0 (k) only affects the global energy at each k from the energy
a (k), rather than the topological property, it is so chosen mainly for realization convenience as we shall see.
The topology of the gapped 4D AI class system is characterized by the second Chern number
4 k ijkl trF ij F kl with F being the Berry curvature of two valence bands. For the Dirac model, the second Chern number can be nicely simplified as the winding number off = f /|f | from the 4D BZ to the 4D unit 
where µνλρσ is the rank-5 Levi-Civita symbol with µ, ν, λ, ρ, σ = 1, 2, · · · , 5, and repeated indices are summed over. Straightforward calculation gives that C 2 = −2 if −t/2 < m < t and otherwise C 2 = 0 as shown in fig.1 a (The details are give in Appendix A).
According to the general theory of bulk-boundary correspondence of topological insulators, nontrivial second Chern number leads to boundary Weyl fermions. More explicitly, if C 2 = n > 0 (C 2 = n < 0) there are |n| flavors of left-handed (right-handed) Weyl fermions residing on any 3D boundary oriented in agreement with the orientation of the 4D TI. For boundaries with orientation opposite to that of the bulk, the chirality is inversed accordingly. We consider a 3D boundary perpendicular to the r 1 -axis, putting the semi-infinite system in the region with r 1 > 0, and for simplicity set m = 0 in the topologically nontrivial phase with C 2 = −2. For the Dirac model (1) the boundary effective theory can be derived analytically as [50] 
are quasi-momenta of the boundary BZ, and the functions f 0,3,4,5 are those defined in eq.(1), depending only onk. H s (k) corresponds to boundary states only when 0 < 1 + cos k 2 < 1/2, namely in the region k 2 ∈ (2π/3, 4π/3) and k 3,4 ∈ [0, 2π]. We are abusing of notation, since the Pauli matrices in eq. (3) should not be confused with those in eq.(1). Here σ α acts in the sub-lattices c and d, with the convention that the γ matrices acts in the spinor
a , it is easy to see there are two Weyl points in the 3D boundary BZ located at w 1 = 2π(5/12, 1/3, −1/3) and w 2 = 2π(−5/12, −1/3, 1/3). Please find more details in Appendix B. Since the two Weyl points are related by T symmetry, they have the same chirality, right-handedness as being carefully examined, which is in accordance with the general theory of bulk-boundary correspondence introduced above. The bulk-boundary correspondence of the Dirac model (1) are also studied numerically in a slab geometry with the r 1 being confined, and the resultant band structures are presented in fig.1 c-d , where the gray parts are for bulk states and the red color are the surface Weyl states.
III. TIGHT-BINDING MODEL AND CIRCUIT LATTICE
Before discussing the realization of the 4D Dirac model (1) in a circuit system, we first examine eq.(1) in real space, and then give the correspondences between a tightbinding model and a circuit system, which is helpful for the construction of the circuit lattice. Carrying out the Fourier transformation on Hamiltonian (1) from momentum space to real space, we obtain the tight-binding model with the onsite energy a,b,c,d = onsite and the following six nonzero hopping parameters t ab = t bc = t ad = t aa = t cc = −t cd = −t, with the hopping vectors given as R ad = R bc = {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0)}, R ab = −R cd = {(0, 0, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}, and R aa = R cc = {(0, 1, 1, 0), (0, −1, −1, 0)}, where (r 1 , r 2 , r 3 , r 4 ) is the shorthand for the vector (r 1 r 1 , r 2 r 2 , r 3 r 3 , r 4 r 4 ) in the 4D space. This tight-binding model can correspond to a circuit lattice as proved in Appendix C. We list the correspondence rules as follows. The sites in a tight-binding model correspond to the nodes in a circuit lattice. The coupling parameters t ij between sites i, j in tight binding model correspond to the capacitor C ij that connecting nodes i and j with the relation t ij = −C ij . The onsite energy i in tight-binding model corresponds to the summation of all the capacitors connecting to node i with the relation of i = j C ij . The wave function of the tight-binding model corresponds to the voltage on the nodes of the circuit lattice. The eigenvalue of the tight-binding model ε corresponds to the resonance frequency ω of the circuit lattice with the relation ε = ω −2 . With these correspondences, the 4D circuit lattice is constructed as shown in fig.2 , where the 4D circuit lattice is projected onto a 2D plane. One reason for that we can construct a circuit with 4D connections on a 2D plane is the using of the Born-von Karman periodic boundary condition, which makes the lattice size along each direction is finite. Therefore we can construct sub-circuits in the r 3 and r 4 space on finite planes as shown in fig.2 a. Then we arrange these sub-circuits on a larger plane that spanned on the r 1 and r 2 space as shown in fig.2 e. The inter and intra connections on these sub-circuits form the four-dimensional connections on the 2D plane. On the other hand, the property of a circuit lattice depends only on how the devices are connected, regardless of the shape of circuit lattice. Therefore we can project the 4D circuit lattice into a 2D plane and not change its properties. These properties make the circuit lattice can be used to realize topological states in high dimensions. The details for constructing the circuit lattice and the choosing of parameters for the devices are given in Appendix C. According to the Kirchhoff current law, the current equations can be written with the similar form as the Hamiltonian (1). The coefficients are given as f 1 (k) = −C(1 + cos
+ 7C. Therefore, by choosing proper parameters of capacitors C a0 and C b0 , one can obtain the topologically nontrivial state in the circuit system.
IV. SIMULATION RESULTS
In this section, we show the band-structure-like dispersions for the resonance frequency of the circuit lattice by performing the time domain transient simulations, which can be used to determine the topological nature of the circuit lattice. The parameters for the devices in the circuit lattice are set as C = 1µF , C a0 = 1C, C b0 = 3C, C c0 = 7C, C d0 = 9C, R = 1M Ω, and L = 1µH. The ideal operation amplifiers are used in our transient simulations. The simulation parameters are given in Appendix E. This choice of parameters gives m = 0 and leads to a C 2 = −2 phase.
Performing the time domain transient simulation, we get the voltage v(t, R, α), where R is the index for lattice, α is the index for the four nodes in each unit cell, and t is the time. Take periodical boundary conditions In order to investigate the surface states, we choose the open boundary conditions in the r 1 direction by removing the capacitors that connecting a (b) nodes on the top edge and d (c) nodes on the bottom edge in fig.2 e. Recalling that the onsite energy of a node is equal to the summation of capacitance of all the capacitors that connecting to this node. Therefore the removing of edge capacitors makes the onsite energy of a, b nodes on the top edge and c, d nodes on the bottom edge lower than the onsite energy of the bulk nodes. To make the simulation results compared with the results from the tight-binding model, we add extra capacitors with capacitance C to connect each top a, b nodes and bottom c, d nodes to the ground, that make the onsite energy of these nodes is the same as the bulk nodes. The voltage v(t, R, α) are obtained by performing the transient simulation. The periodical boundary conditions remain for the r 2,3,4 directions, therefore carrying out Fourier transformation on r 2,3,4 and t gives v(ω, R 1 ,k, α), where R 1 is lattice index in the r 1 direction andk = (k 2 , k 3 , k 4 ). The simulations are performed for a slab structure with 9 layers in the r 1 direction and the pulse source is connected at the (1,1,1,1 ) cell on the bottom edge. The surface band structure with k line crossing the Weyl point w 1 along k 2 , k 3 , k 4 direction are listed in fig.3 c-h. The intensity of the voltage on the bottom four layers fig.3 c, where the surface Weyl states (gray dots) appear in the gap of the band structure and are in good agreement with the results from model calculations (red dashed lines). The intensity of voltage for the fifth layer to the top layers fig.3 d, where the surface Weyl states disappear. This result demonstrates the local nature of the Weyl states in the r 1 direction, therefore the pulse source on the bottom edge can not excite the Weyl surface states located on the top edge. Furthermore, we have proved that the surface states only locate on c and d nodes. Therefore, the intensity of voltage
on the c and d nodes of the bottom four layers, the Weyl surface states appear in fig.3 e, but disappear for 4 R1=1 2 α=1 v(ω, R 1 ,k, α) on a and b nodes as shown in fig.3 f. The band dispersion crossing w 1 point along k 3 and k 4 directions are shown in fig.3 g and h, respectively. In fig.3 , the vertical axis are plotted as 1/(ω 2 L), in order to correspond to the eigenvalues of the Hamiltonian (1). The frequency ω for the bulk and surface states are in the range of 200kHz to 700kHz, which is easy to probe experimentally.
For the open boundary condition case, if we remove the capacitors that are connecting the a (b) nodes on the top edge and d (c) nodes on the bottom edge but not repair these two edges by adding capacitors, the surface onsite energy on these nodes will be different to bulk nodes. However, the changes of surface onsite energy only shift the positions of Weyl points in momentum and frequency space but do not make them disappear, for the Weyl points can only disappear by the annihilation of pairs with opposite topological charges. In the 4D topological system, the surface Weyl points with the same topological charges locate on one surface and the opposite topological charged Weyl points are spatially separated on the other surface. Therefore the 4D surface Weyl points are very stable.
V. CONCLUSIONS
In conclusion, We have given the minimal model for the 4D AI class topological states and proposed a realistic circuit system to realize this states. We have performed simulations for our circuit system, the results form which are in good agreement with the results from the model calculations. In our proposal, all the four dimensions are realized through lattice connectivity, rather than using the synthetic dimensions, and the principles of our setup could also be extended to realize five or six dimensional topological systems. Realizing the 4D systems in circuit system will provide a realistic physical platform to study the physics in higher dimension, and open up the possibility of introducing the topological properties into the integrated circuit field. where Ψ k is a vector of quasi-particle annihilation operators, 
as the projection of h(k) on the the {b r , b i } plane. h(k) is on a plane that is offset form the plane containing h (k) by the vector b 0 ⊥ . For a fixed parallel momentumk = (k 2 , k 3 , k 4 ), h (k) traces out a ellipse in the (b r , b i ) plane. As proved in [50] , the system has midgap edge states if and only if h (k) encloses the origin. The energy of the edge states is given by the distance of b 0 ⊥ vector. According to this proof, we obtain that the edge states exist if and only if 0 < 1+cos k 2 < 1/2, which gives that the edge states appears in the 3D BZ with k 2 ∈ (2π/3, 4π/3) and k 3,4 ∈ (0, 2π), with the energies given as E s± = ±|b 0 ⊥ |. In order to compute the effective Hamiltonian for surface states, we first define the projector onto the surface states
where P ± are projectors that project states onto the surface states with energy 
where P s = (1+iΓ 1 Γ 2 )/2 = diag(0, 0, 1, 1). Therefore the effective surface Hamiltonian can be written as a two-bytwo Hamiltonian To calculate the chirality of the Weyl point w 1 , we expand the effective surface Hamiltonian around the Weyl point w 1 . The Hamiltonian reads H w1 = i,j k i a ij σ j up to the first order of k, where i, j = 1, 2, 3 and the matrix a connecting the space σ and momentum space k are given as a 11 = 0, a 12 = 0, a 13 = −1, a 21 = √ 3/2, a 22 = −1/2, a 23 = −1, a 31 = − √ 3/2, a 32 = −1/2, a 33 = 0. The chirality χ of the Weyl points equals the sign of the determinant of matrix a computed as χ = sign(Det(a)) = +1 for the w 1 point. The Weyl point at w 2 has the same chirality due to the time reversal symmetry.
Appendix C: Circuit systems
In this section, we show the correspondence between the tight-binding lattice model and our proposed circuit lattice. According to the Kirchhoff current law, the currents flowing through the (a, b, c, d) nodes in a unit cell are given as
where I τ with τ = a, b, c, d is the current that flow through node τ , v(τ ) and v(R αi ) are voltage at node τ and node α that separated by vector R αi , ω is the resonance frequency of the circuit lattice, C τ,αi are capacitors connecting nodes τ and α. The voltage of the ground is set to zero. Considering the current conservation at each node, namely, the summation of the inflow and outflow currents at every node are zero, eq.(C1) can be simplified, and rewrite as follows
. As discussed in the main text, capacitors in the circuit lattice connecting nodes c-d are choosing to have negative capacitance. Here we design a two-port device, whose I-V properties behaves as a capacitor with negative capacitance. The circuit diagram is shown in fig.4 a, where the operation amplifiers, indicate by the triangle shape, are used. For an ideal operational amplifier, there is no voltage across its inputs. Therefore the input terminals V + and V − behave like a short circuit. But this kind of short is virtual, different from a real one, and draws no current because of the infinite impedance between the two inputs. We assume the voltage at A and B nodes are V 2 and V 1 , respectively. The voltage on the other nodes are marked as shown in fig.4 a. Some nodes have the same voltage as A or B nodes for the virtual short property between +, − nodes of the operation amplifiers. Then according to the Kirchhoff's current law, we obtain the current outflow the A nodes and inflow the B nodes are given as
For the currents in the internal branch, we get
which lead to V 2 − V o1 = −(V 2 − V 1 ) and V o2 − V 1 = −(V 2 − V 1 ). Taking these relations in to eqs.(D1), we have
Comparing to a positive valued capacitor, the I-V relation of which satisfies I/V = jωC. Therefore the above result shows that the two-port device given in fig.4 a, whose I-V properties behaves as a capacitor with negative capacitance −C. The circuit in fig.4 b can be simplified as given in fig.4 c, where two operational, OP 3 and OP 4 , working as a voltage follower are removed. In this case, we have 
The currents in the internal branch satisfy the relations given in eq.(D2). With above equations we get
Therefore, if R is large enough, we have I 1 = I 2 ≈ −jωC(V 2 − V 1 ), getting the same result as given in eq.(D3). The simulation result for the circuit in fig.4 a is shown in fig.4 c, which is consistent with the analysis result.
